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Abstract

When compared to populationsin larger areas, thosein smaller areasare proneto greater size
and trend instability. Making these characteristics the main constraints in a population projection
procedure, an application of the‘ bootstrap’ techniqueto stratified areas, by their population sizeand
trend, is proposed to generate point and interval estimates.

The above procedure was followed to project the populations in 559 municipalities in S&o
Paulo State, in Brazil. This resulted in a considerable increase in quality when compared to
projections with no stratification. Point projections increased in their level of agreement with the
census population in about 40%. Although interval projections had their power to capturethe census

population decreased by 13,5%, the interval amplitude narrowed an average of 55%.

1. Introduction

Population estimates and projections are increasingly demanded due to the administrative
decentralization policy implemented in many Latin-American countries, which led to socioeconomic
development plans and strategies for small geographical aress.

Point popul ation estimates and projections are the most demanded by overall policy makers.
Those estimates, however, tend to be uninformative, since they do not reflect their precision level.
The confidencelevel of interval popul ation projections might contribute moreto asuccessful target-
oriented policy than a point projection with an unknown level of confidence. Policy makers
themsel ves might be more comfortable knowing the absol ute error for the target popul ation they are

addressing.
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Population projections for small areas require that specia attention be given to their

demographic characteristics: i) population size variability, e.g In1970, in the Brazilian state of Sdo
Paulo, the populations of municipalities ranged from less than 1,000 to more than 300,000, the
capital city’s population of more than four million not included; ii) high sensitivity to large
increments or decrements in very short time intervals. Small areas can easily decrease to half their
initial population or twofold it in afiveto ten-year period; iii) oscillating growth trends. Population
can increasein one period and decreasein the next or vice-versa. Those characteristics arethe main
error sources in the usual small area population projections.

Many methods of population projection, specifically for small areas, have been suggested so
far (see: DUCHESNE 1989, EBERSTEIN et al., 1984; HEIDE 1981, IRWIN 1977, JARDIM
1995, MADEIRA & SIMOES 1972, NAKOSTEEN 1989, WALDVOGEL 1977,1989, among
others), in an effort to overcome the aforementioned problems. Our main objective is to propose
point and interval population projections and estimates for small areas, in accordance with the
current method of Apportionment used by the Brazilian Institute of Geography and Statistics (IBGE),
the officia organization responsible for providing population projections in Brazil, using the

municipalitiesin the state of S&o Paulo as a case study.

2. Population projection procedures

Firstly, an assumption is made regarding the composition of aspecific areaby aset of smaller
units. Furthermore, it is assumed that a projected population is available for the larger unit. The
projection for smaller areasisreferred to thelarger area according to the Apportionment method that

can be summarized as (MADEIRA & SIMOES 1972):

P() = Ai* P(t) +Bi (1)
Bi =P, (t-10) — Ai * P(t) (2
where:
Pi(t): Projected population of the smaller areai, at timet;
P(t): Larger ared s population (projected by an independent method, at timet;

P(t-10):  Smaller area census population at the last available census date (usually 10
years previous to the projection date);

Ai: Proportion representing the popul ation increment (decrement) of the smaller
in relation to the larger area, in arecent past;



Bi: Parameter of linear adjustment for the smaller area.

Under therestriction :

ZAi=1, ZBi:O.

In this method, the relative share of each smaller area in the larger area’s population

increment will hold for the duration of the projection period. If thiswereafact, all problemswould
be solved. The magnitude and direction of the shares can change within a short period of time,
however.
One of many solutionsisto assesstherange of thefuturerelative share variability for aspecific unit,
which, in our case, will be achieved through a bootstrap re-sampling (EFRON & TINSHIRANI
1998). From recently observed shares, an empirical distribution of the Apportionment equation’s
parameters can be estimated. The empirical distribution will then be the base for point and interval
estimation for the projected smaller area’ s population. .

A stratification of smaller units prior to re-sampling is recommended for controlling the
af orementioned demographic constraints. The stratification parameters should reduce the effects of :
oscillating share trend (areas that contributed positively to growth in the larger area can contribute
negatively in the following period); high variability in the share’s magnitude among smaller units
and variability of the share’ s magnitude in the same unit, a ong the projection period (an areawith a

reduced share in one period may substantially increase its share in the next period).

3. The case study

The state of S0 Paulo was chosen for testing the proposed procedure, mainly because
between 1970 and 1991 (test period), the state experienced intense migratory movements. The 1970
and 1980 censuses gave the baseline for calculation of each municipality’s relative share, and the
1991 census was used to compare the projected population by sex and to assess its quality.

Among 571 municipalities, twelve were excluded, because: eleven had populations under
1,000 inhabitants and one had over 4 million. The remaining municipalities (559), were stratified by
two of thethree aforementioned criteria: share’ strend and share’ smagnitude among municipalities.

Share’ strend was eval uated in two consecutive 10-year periods. 1970-80 and 1980-90. Table

1 shows the classification of the trends in both periods, the (+) symbol representing municipalities
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with increasing population in the period and the (-) symbol representing decreasing population. Thus,

municipalities increasing in both periods are represented by (+,+), which represents a relative
stability.

Share' s magnitudes were evaluated according to their degree of homogeneity, measured by
their coefficient of variation. If that coefficient for amunicipality group was between 50 and 90, the

group was considered homogenous. Table 1 shows details of the 8 strata for male and female

population.

Tablel. Population characteristics of the municipality strata by sex, growth share trend and share's coefficient of variation

(CV).
State of S&o Paulo, Brasil. 1970-1980.
Growth Male Female Number
share cv Population in 1980 cv Population in 1980 of
Stratum | Trend |by 100 mean Minimum maximum |by100 mean Minimum maximum | Municipalities

1 (--) 87 3128 1139 11060 86 2919 1077 10379 81

2 +4) 79 5693 1336 20219 71 5369 1225 19714 154

3 55 11958 5039 19901 53 11368 4764 19083 74

4 87 40728 20190 99365 84 40209 20029 97639 79

5 53 186091 104011 328657 52 185712 100644 333584 13

6 (-4 69 5055 1102 17156 66 4798 1097 16378 72

7 107 3515 1031 19490 66 3318 1003 9962 64

8 (+,) 64 4066 1361 8447 67 3811 1278 8045 22
Total 338 14902 1031 328657 335 14556 1003 333584 559

Source: Elaborated from de 1970 and 1980 Demographic Censuses

The non parametric bootstrap re-sampling was performed (1,000 replications) to estimate the

empirical distribution of A;. For each municipality the mean value of the distribution was taken as

the bootstrap estimate of A; and its respective 95% confidenceinterval wasthen obtained. Thevaues
of Pi(t) were then estimates through equations (2) and (1).

4. Criteriafor assessing quality of projection

Thecriteriafor ng the point projection’ s quality were the 90™ and 95" percentiles of

the distribution of the relative difference between the municipality projected population and the

census population in 1991 (DR;). Thus:




DRi = (PEMi - P\/Mi)/PVMi ;

where,

PEM; isthe projected population, in 1991, for municipality i,

PV M; is the census population, in 1991, for municipality i.

Theinterva projection’s quality was evaluated by means of two indexes. Thefirst refersto
the capacity of the projected interval to encompass the census population, hencethe captureindex is
the relative number of municipalities with census population within the boundaries of the 1991
projected interval. The second is the 90" and 95™ percentile of the standardized amplitude of the
confidence interval for municipality i (Al;), defined as:

Al; = (LSE - LIE)/(LSE; + LIE);
where,

L SE; = Estimated upper bound population for municipality i, in 1990
LIE; = Estimated lower bound population for municipality i, in 1990

5. Results and comments

Table 2 shows values of 90" and 95" percentiles of DRI, in four situations: plain

Apportionment with previous stratification and no previous stratification and bootstrap estimates

with previous stratification and no previous stratification.

Table 2: 90th and 95th percentiles (P90, P95) of the Maximum Relative Difference (DRi) between census and
projected population by sex and type of projection. State of Sdo Paulo, Brazil, 1991

Number of Male Female
Municipalities P90 P95 P90 P95
No stratification, no Bootstrap 559 44 57 45 58
No stratification, with Bootstrap 559 39 46 40 47
\With stratification, no Bootstrap 559 26 35 23 35
\With stratification, with Bootstrap 559 27 34 27 35

Source: Projected population and 1991 Demographic Census

The projection with no previous stratification yields DRI (no bootstrap) of about 57% for
men at the 95" percentile, the corresponding figure for women is 58%, meaning that the maximum
relative difference between the census and estimated population for 95% of the municipalitiesis

57% for men and 58% for women. The advantage of previousstratificationisvery clear, both figures
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went down to 35%, getting to animprovement of 40% for both sexes. Table 2 a so showsthat there

isno greater improvement by using bootstrap in point projections, further to previous stratification.

The stratification effect is very clear, in Table 3, for interval projection. It is worthy of
mention that thosetwo criteriato assessinterval projection: captureand confidenceinterval’ srange,
have opposite effects. In other words, the narrower the range of theinterval, the lesser isthe power
of capture. The judgement should be made by an optimization of both criteriain order to achievethe

best capture from a narrower range.

Table 3. Capture index and 90th and 95th percentiles (P90, P95) of the maximum standardized amplitude of the 95%
Confidence interval, by sex and type of population projection. State of S&o Paulo, Brazil, 1991.

Number Male Female
of Capture Amplitude Capture Amplitude
Type of Projection Municipalities Index P90 P95 Index P90 P95
No sratification, with Bootstrap 559 94,1 99 102 95 99 101
\With stratification, with Bootstrap 559 84 41 45 80 41 46

Source: Projected population and 1991 Demographic Census

Theabsence of stratification |eads to adegree of capture of 94% for the male popul ation and
95% for the female population, which means that the projected interval had included the census
population in 94% of the municipalities male population. Albeit those promising figures of
captures, the intervals are very wide. In 95% of the municipalities the interval’s range indexes
exceeded 100%, a useless outcome.

A previous stratification, however, reduced those indexes down to about 45%, and no great
lossin the capture index was observed, it was reduced by 11% for the mal e popul ation and by 16%
for the female.

Asfor the quality of the projectionsby strata, there were no clear differences between stable
share trends (+,+ or -,- type), and unstable share trends (+,- or -,+ type), especialy when applying
bootstrap. The quality indicators do not favor any specific group, for neither point nor interva
projections (Tables 4 and 5). The explanation may lie in the fact that the stratification did not
consider the variability of the share’'s magnitude, in the same municipality, along the projection

period. In favor of thisis the high positive correlation (0.78 for the male and 0.83 for the female
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population) between the point projection’s DRI values and the variability of the participation

magnitude in two periods (CRPi) shown in Table 4. This indicates that the greater the projection
errors, the greater the shares’ variation between the 1970-80 and the 1980-90 periods.



Table 4: 90th and 95th percentiles (P90, P95) of the Maximum Relative Difference (DRIi) between census and projected population
and Maximum Relatice Difference between 1980-91 and 1970-1980 shares (CRP). by sex , stratum and type of rojection.
State of Sdo Paulo, Brazil , 1970-91.

Stratum parameters and Type of
projection
Growth Coefficient of * Number of Male Female
Share Trend variation municipalities P90 P95  CRP** P90 P95  CRP**
No Bootstrap
() 87 81 26 30 69 21 25 79
(+,4) 75 154 23 27 106 21 26 105
54 74 19 22 55 20 22 50
85 79 21 22 51 17 21 47
53 13 11 12 31 11 12 27
(-+) 68 72 33 40 152 40 47 161
87 64 41 48 246 42 57 339
(+,7) 66 22 25 28 227 17 24 213
\With Bootstrap
(-7) 87 81 17 20 - 15 17 -
(++) 75 154 32 45 - 33 46 -
54 74 26 31 - 27 33 -
85 79 29 34 - 29 32 -
53 13 20 20 - 19 21 -
(-+) 68 72 28 34 - 32 38 -
87 64 26 31 - 31 34 -
(+,7) 66 22 24 26 - 23 24 -
Pear son correlation between P95 and CRP 0,78 0,83

Source: Elaborated from de 1970, 1980 and 1991 Demographic Censuses
* average for males and females, by 100 .

Table 5. Capture index and 90th and 95th percentiles (P90, P95) of the maximum standardized amplitude of the 95%
confidence interval, by stratum, sex and type of population projection. State of Sdo Paulo, Brazil, 1991

Stratum parameters and Type of projection Male Female
Growth Share's Coefficient * |  Number of | Capture Amplitude Capture Amplitude
Share Trend of variation municipalities| Index P90 P95 Index P90 P95
\With Bootstrap
(--) 87 81 91,4 43 52 84 33 40
(+,4) 75 154 92,2 43 48 92 44 49
54 74 83,8 33 34 84 35 36
85 79 924 45 45 92 46 47
53 13 77,0 23 24 77 25 25
(-4 68 72 58,3 26 30 47 23 26
87 64 82,8 36 39 67 30 32
(+) 66 22 63,6 41 61 73 57 88
No stratification, No Bootstrap 559 94,1 99 102 95 99 101

Source: Elaborated from de 1970, 1980 and 1991 Demographic Censuses
* average for males and females, by 100 .
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The results so far have shown that, in average, a previous stratification has the potential to

considerably increase the quality of point and interval projections. An improvement in quality is
foreseen through theintroduction of thethird stratification criteria, missing in thisexercise, namely
the magnitude of the variation in the small area’ s share to the larger area growth. Furthermore, to
better apprehend the variation in trends, the stratification over parameter in larger periods of time,
possibly threeintercensal periods, isrecommended, especialy for areaswith high level of population
mobility.
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Tablel. Population characteristics of the municipalities strata by sex, growth share trend and share's coefficient of variation
(CV).

State of S0 Paulo, Brasil. 1970-1980.

Growth Male Female Number
share cv Population in 1980 Ccv Population in 1980 of
Stratum | Trend | by 100 mean minimum maximum | by 100 mean minimum maximum | Municipalities

1 (--) 87 3128 1139 11060 86 2919 1077 10379 81

2 (+,%) 79 5693 1336 20210, 71 5369 1225 19714 154

3 55 11958 5039 19901 53 11368 4764 19083 74

4 87 40728 20190 99365 84 40209 20029 97639 79

5 53 186091 104011 328657| 52 185712 100644 333584 13

6 (-4) 69 5055 1102 17156 66 4798 1097 16378 72

7 107 3515 1031 19490, 66 3318 1003 9962 64

8 (+-) 64 4066 1361 8447 67 3811 1278 8045 22
Total 338 14902 1031 328657| 335 14556 1003 333584 559

Source; Elaborated from de 1970 and 1980 Demographic Censuses



Table 2: 90th and 95th percentiles (P90, P95) of the Maximum Relative Difference (DRi) between census and projected population

by sex and type of projection. State of S&o Paulo, Brazil, 1991

Number of Male Female
Municipalities P20 P95 P90 PO5
No stratification, no Bootstrap 559 44 57 45 58
No stratification, with Bootstrap 559 39 46 40 47
With stratification, no Bootstrap 559 26 35 23 35
With stratification, with Bootstrap 559 27 34 27 35

Source: Projected population and 1991 Demographic Census



Table 3. Capture index and 90th and 95th percentiles (P90, P95) of the maximum standardized amplitude of the 95% confidence

interval, by sex and type of population projection. State of S&o Paulo, Brazil, 1991

Number Male Female
of Capture Amplitude Capture Amplitude
Type of Projection Municipalities Index P90 P95 Index P90 P95
No stratification, with Bootstrap 559 94.1 99 102 95 99 101
With stratification, with Bootstrap 559 84 41 45 80 41 46

Source: Projected population and 1991 Demographic Census




Table4: 90th and 95th percentiles (P90, P95) of the Maximum Relative Difference (DRi) between census and projected population
and Maximum Relatice Difference between 1980-91 and 1970-1980 shares (CRP). by sex , stratum and type of projection.
State of S&o Paulo, Brazil , 1970-91.

Stratum parameters and Type of projection

Growth Coefficient of * Number of Male Female
share variation (municipality municipalities | P90 P95 CRP** P90 P95 CRP**
Trend share on strata growth)
No Bootstrap
() 87 81 26 30 69 21 25 79
(+,%) 75 154 23 27 106 21 26 105
54 74 19 22 55 20 22 50
85 79 21 22 51 17 21 47
53 13 11 12 31 11 12 27
(-+) 68 72 33 40 152 40 47 161
87 64 41 48 246 42 57 339
(+,7) 66 22 25 28 227 17 24 213

With Bootstrap

(=) 87 81 17 20 - 15 17 -
(+1) 75 154 32 45 - 33 46 -
54 74 26 31 - 27 33 -
85 79 29 34 - 29 32 -
53 13 20 20 - 19 21 -
(-4 68 72 28 34 - 32 38 -
87 64 26 31 - 31 34 -
(+-) 66 22 24 26 - 23 24 -
Pear son correlation between P95 and CRP 0.78 0.83

Source: Elaborated from de 1970, 1980 and 1991 Demographic Censuses

* average for males and females, by 100 .



Table 5. Capture index and 90th and 95th percentiles (P90, P95) of the maximum standardized amplitude of the 95%

confidence interval, by stratum, sex and type of population projection. State of S&o Paulo, Brazil, 1991

Stratum parameters and Type of projection Male Femae
Growth Coefficient of * Number of Capture | Amplitude | Capture | Amplitude
share variation (municipality municipalities Index P90 P95 Index P90 P95
Trend share on strata growth)
With Bootstrap
() 87 81 914 43 52 84 33 40
(+,4) 75 154 922 43 48 92 44 49
54 74 83.8 33 34 84 35 36
85 79 924 45 45 92 6 47
53 13 77 23 24 77 25 25
(%) 68 72 58.3 26 30 47 23 26
87 64 82.8 36 39 67 30 32
(+,) 66 22 63.6 41 61 73 57 88
No stratification,
No Bootstrap 559 94.1 99 102 95 99 101

Source: Elaborated from de 1970, 1980 and 1991 Demographic Censuses

* average for males and females, by 100 .
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